In this paper, the efficient numerical solutions of a class of system of Fredholm integral equations are solved by the Nyström method, which discretizes the system of integral equations into solving a linear system. The existence and uniqueness of the exact solutions are proved by the Banach fixed point theorem. The format of the Nyström solutions is given, especially with the composite Trapezoidal and Simpson rules. The results of error estimation and convergence analysis are obtained in the infinite norm sense. The validity and reliability of the theoretical analysis are verified by numerical experiments.
Introduction
In this paper, we consider a class of system of Fredholm integral equations of the form The integral equation problem has been two hundred years old, and the integral equation is widely used in the study of physics, especially in mechanics, magnetism, architecture and etc. Since the exact solution of the integral equation problem is difficult to find, its high-precision numerical solutions are often studied. Many numerical methods are used for numerical solution of Fredholm integral equation, for instance, Taylor collocation method [1] , Galerkin projection and Least squares approximation method [2] , variational iteration and fixed point iterative method [3] , Nyström method and mechanical quadrature method [4] - [7] , meshless methods [8] and multiscale methods [9] , and so on. However, there is not much paper about solving the system of integral equations. This paper will study the Nyström method of the system of Fredholm integral equations.
A sufficient condition for the existence and uniqueness of exact solutions
According to Banach fixed point theorem, a sufficient condition for the existence and uniqueness of exact solution of system of Fredholm integral equations (1.1) is proposed. First, for (1.1), we structure a function vector space
and a functional matrix space
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we write the numerical integral operator K defined as
The norm of the numerical integral operator K discussed in this paper is defined as
Theorem 2.1. If K ∞ < 1 holds, then the exact solutions of the system of Fredholm integral equations (1.1) is existential and unique.
Then we have
Since K ∞ < 1, T is a contraction mapping. Consider that Banach fixed point theorem, then (1.1) exists a unique solution U * ∈ V 2 [a, b] such that TU * = U * holds.
The Nyström method
In this section, we use the numerical quadrature scheme to obtain a general algorithm for the Nyström method of the system of Fredholm integral equations. Applying numerical quadrature scheme to integral terms of (1.1), we can have
where ω i (i = 0, 1, ..., n) are coefficients of quadrature and x i (i = 0, 1, ..., n) are the quadrature node points and R
2 are remainder terms, such that (1.1) can be rewritten as
We take the collocation points x = x i , and let f (
Then we ignore the remainder terms and obtain the approximating linear system with respect to u 0 , v 0 , u 1 , v 1 , ... , u n , v n as
Remove the terms of (3.2), then we obtain
Solve linear system (3.3), we can get
omitting the remainder terms, we have
Thus u n (x), v n (x) can be called the Nyström solutions with numerical quadrature scheme (3.1). Meanwhile, it can be noted that
so u n (x), v n (x) are also the Nyström interpolation functions under the interpolation condition (3.2).
Error estimation
To carry out an error analysis for the Nyström method, we first give the following useful Lemma.
Lemma 4.1. Let a 1 , a 2 , b 1 , b 2 , c 1 , c 2 , and x, y are positive real numbers. Assume
The proof of this Lemma can be given directly and we omit it. The result of error estimation is given below. 
Proof. Consider (3.5) and subtract (3.4) from (3.1) to get
Similarly, we have
From the intermediate value theorem of continuous function, we can get
It follows that a system of inequalities
In particular, for the composite trapezoidal rules, we have
To sum up, we can draw the following corollary. 
By a similar argument, for the composite Simpson rules, we have
Again, we can draw the following corollary. 
Numerical examples
In order to verify the validity of the proposed numerical method, two numerical examples are given and the exact solutions are compared with the approximate solutions by using Matlab.R2015a. The convergence rate is defined by We choose n = 4, 8, 16, 32 along with h = 1 n and get x i = ih, i = 0, 1, ..., n. The curve graph of the exact solutions u(x) = x 2 , v(x) = x − 1 and the approximations u n (x), v n (x) obtained using the Nyström method are given in Figure 5 .1(a), and then the maximum error u − u n ∞ + v − v n ∞ listed in Table 1 . We also choose n = 4, 8, 16, 32 along with h = 1 n and get x i = ih, i = 0, 1, ..., n. The curve graph of the exact solutions u(x) = sin x, v(x) = cos x and the approximations u n (x), v n (x) obtained using the Nyström method are given in Figure 5.1(b) , and then the maximum errors u − u n ∞ + v − v n ∞ listed in Table 2 . 
Conclusion
In this paper, The Nyström method is proposed to handle approximate solutions of system of Fredholm integral equations and two numerical examples are provided to illustrate the validity and feasibility of the present method. For the simple system of integral equations such as polynomial integral equations, we appear to get the exact solutions directly by the Nyström method with the composite Simpson rule. In the future, the Nyström method can be extended to solve Hammerstein integral equations. A two-grid iteration method for the Nyström method for system of Fredholm integral equations will also be further studied.
